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Let K be an unramilied abelian extension of a number field F with Galois group 
G. We consider the group of ideal classes of F which become trivial in K. In par- 
ticular, we study when this group is divisible by ICI, a generalization of Hilbert’s 
Theorem 94. (’ 1988 Academic Press, Inc. 
INTRODUCTION 
Let F be a number field and K a finite unramilied abelian extension of F 
with Galois group G. Hilbert’s Theorem 94 states if G is cyclic then the 
number of ideal classes of F which become trivial in K is divisible by 1 Cl. In 
this paper we consider when the above statement is true for non-cyclic G. 
Let Cl, and Cl, be the ideal class groups of F and K respectively. Let 
j: Cl,--+ CI, be the map induced by lifting of ideals from F to K. Then we 
are interested in when (ker jl is divisible by ICI. By class field theory, K 
corresponds to a subgroup H of Cl,; in fact, H is the image of the map 
NKIF: Cl, + Cl, induced by the norm map on ideals. Let J = ker j n H. In 
[ 11, it was shown that there is an epimorphism 1 from the Tate 
cohomology group H ‘(G, CI,) to J which is an isomorphism if G is 
cyclic. In Theorem 1.1, we prove that ker A is isomorphic to the Galois 
group of K, over F’ where F’ is the Hilbert class field of F and K, is the 
central class field of K with respect to F. It then follows from a theorem of 
Miyake [S] that if A is an isomorphism then lker jl is divisible by ICI. In 
Section 2, we prove that Jker jl is divisible by ICI if G is a p-group of type 
(p”, p); II 3 1. In Section 3, we give a criterion for F to have a p-class field 
tower of length > 1 and in Section’ 4 we obtain some necessary conditions 
for Cl, and Cl,. to be cyclic. 
We fix G as the Galois group of K over F and for every G-module A and 
m E Z we let H”(A) = H”(G, A) be the Tate cohomology groups. In par- 
ticular, Ho(A)= A”/NA and H-‘(A)= ,A/Z,A where AC is the set of 
elements of A left fixed by all o in G, N: A -+ A is the G-norm map, 
,wA = ker N, and Z,A the submodule of A generated by elements of the 
form au/a where a E A, o E G. If A is an abelian group, n E Z, we let 
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A,,= {UEA Iu”= l} and for prime p, A(p) is the p-primary part of A. If E 
is a Galois extension of a field L, G(E/L) will denote the corresponding 
Galois group. We let I, be the idele group of K, C, the idele class group, 
D, the ideal group, P, the principal ideals, E, the units of K, II, the idele 
units, and K’ the Hilbert class field of K. 
THEOREM 1.1. ker I. z G( KJF’). 
A: H- I( CI,) -+ J is defined by A(.uZ,Cl,) = N,,,(X) for s E, Cl,. (Recall 
that N: Cl, --t Cl, is the G-norm, so N = jq NK,F.) There is a canonical 
map from C, to Cl, which induces c(: HP’(C,) + H-‘( Cl,). Then 
ker E. = im tl. For details, see [ 11. 
Let S = F* n NI,/NK* and T= E,-n NI,/E, n NK*. Then T is a sub- 
group of S and it is shown in [3] that S/T%G(K,./K,) where Kg is the 
genus field of K w.r.t. F. But K, = F’ since K is unramilied, abelian over F. 
Hence, to prove Theorem 1.1, it suffices to prove that ker A z S/T. 
LEMMA 1.2. Sz Hp3(Z)z H-‘(C,) und T= E,/E,n NK*. 
Proof By a result of Tate (see [2, p. 198]), Sz Hp3(Z)/D where D is 
the subgroup of Hm3(G, Z) generated by the images of all He3(G,, 2) 
under the corestriction map where P runs through all finite and infinite 
primes of F and G, is the decomposition subgroup w.r.t. P. Since K is 
unramified over F, D=(l). So SZH~-~(Z) and Hp3(2)zHH1(CK) by 
class field theory. 
Since K is unramified over F, E, c ND’,. Therefore, T = E,/E,n NK*. 
Proof of Theorem 1.1. The following commutative diagram consists of 
exact sequences of G-modules: 
(1) (1) (1) 
(1) __t E,- U,- UK/E,- (1) 
(w-----+ K*----+ IK-----’ C, - (1) 
I I I 
(1) - P,- D,- Cl, - (1) 
I ! I 
(1) (1) (1) 
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H”( U,) = ( 1) for all m and for m odd, H”‘(1,) = H”‘(D,) = (1). (See 
Proposition 1 in [ 11.) So we have the following commutative diagram with 
exact rows and columns: 
(I)- H -‘(U,/E,)- H’(E,c) - (1) 
I I 
B 
I 
(l)------+ HP’(C,) f H’(K*) R H”V,d 
I 
2 
I 
V 
I 
(I)- H-~‘(Cl,) - H’(P,) - H’(D,v) 
From the definitions of g and fl, we have that ker g = S and im /l= T. So 
S/T = ker gjim p. 
By straightforward diagram chasing, one can show that there is a well- 
defined homomorphism from im c( to ker g/im p and that this map is one- 
to-one and onto. Hence ker 1= im a z ker g/im p = S/T. 
COROLLARY 1.3. If A is an isomorphism, then lker jl is divisible by ICI. 
ProoJ In [S], Miyake proves that lker j( is divisible by IG( if K,, = F’. 
SECTION 2 
In this section, we show that lker jl is divisible by ICI if G is an abelian 
p-group of type (p”, p); n 2 1. As a corollary, we can generalize an example 
due to Scholz and Taussky in [lo]. 
THEOREM 2.1. Suppose G is an abelian p-group of type (p”‘, pn2, . . . . p”‘) 
where n, >n,b ... bn, and n,> 1. Then lker jl is divisible by p”l+‘. 
Proof: ker j % H’(E,) by a result of Iwasawa [S]. Let L be an inter- 
mediate field between K and F such that G(L/F) is a cyclic of order p”‘. 
Then IH’(G(L/F), EL)1 = [IL: F] IH’(G(L/F), EJ by the Herbrand 
quotient for E,, the units of L. By Hilbert’s Theorem 94, I H’(G(K/L), EK)I 
is divisible by pn2 and hence I H ‘(G( K/L), E,)G’L’F’I = p’ for some t > 1. 
Now consider the Hochschild-Serre exact sequence: 
(I)- H’(G(L/F), EL) 3 H’(G, EK) 2 H’(G(K/L), EK)G(L’F) 
A H*(G(L/F), EL) 2 H’(G(K/F), EK). 
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So we have 
= IH’(W/F)~ EL)1 P’ IWnf2)l = cL: F, p, limtinf 
lH2KWP), EL)I 
2 
JI 
= p”l+‘lim(inf,)I p’- ‘. 
. ’ . I ker jl is divisible by p”’ + ‘. 
COROLLARY 2.2. If G is an abelian p-group of type (p”, p), then Jker jl is 
divisible 6-v [Cl. 
Note. Corollary 2.2 has been proved using group-theoretic techniques 
by R. Schipper. See [9]. 
In [lo], Scholz and Taussky consider the field F= Q (J-3299). The 
ideal class group of F is of type (3*, 3). Let x and y be generators of Cl, 
where x has order 9 and y has order 3. Let H be the subgroup of Cl, 
generated by x3 and y and let L be its fixed field. Scholz and Taussky show 
that x3 does not become principal in L and that if K is an intermediate field 
between F and F’ of degree 9 over F, then the ideals of F which become 
principal in K are precisely the elements of H. The following corollary 
generalizes this result. 
COROLLARY 2.3. Suppose Cl, is of type (p’, p) with generators x and y 
of orders p2 and p, respectively. Let H be the subgroup of Cl, generated by 
xp and y. Let L be the fixed field of H. Suppose that xp is not trivial in L. If 
K is any unramified abelian extension of F such that [K: F] = p2, then 
kerj=H. 
Proof: By Corollary 2.2, lker jl = p2 or p3. From the structure of Clr, it 
suffices to show that ker j has no element of order p*. Suppose it has such 
an element Z. Then z = X’ y-j where p is prime to i. Any subgroup of Cl, of 
order p is contained in H so L c K. If z becomes trivial in K then, since 
[K: L] = p, zp is trivial in L by Hilbert’s Theorem 94. But zp = xpi, so xp is 
trivial in L, a contradiction. 
SECTION 3 
In this section, we again assume G is an abelian p-group and give some 
bounds for the p-rank of ker 1. We then obtain a necessary condition for F 
to have a p-class tower of length one. 
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Let p be a fixed prime which divides the class number of F. Let rl be the 
number of real primes of F, rz the number of conjugate pairs of complex 
primes of F, and r = rl + rz - 1. Let g(P) be the p-rank of G. Let J’p) = 1 or 
0 depending on whether or not F has a primitive pth root of unity. 
THEOREM 3.1. Let g = gCp’. Then 
g(g-- 1) g(g- 1) --r-6’p’<p-rank(kerA)<7. 
2 
Proof. Let p’ = ICI. Let S and T be as in Section 1. Then p-rk S - 
p-rk T< p-rk (ker A) < p-rk S and p-rk S = p-rk HP3(Z) = m - g where m 
is the minimum number of relations among the generators of G. But 
m = g( g + 1)/2 (see [ 6, p. 1691). So p-rk S = g( g - 1)/2. 
If XE E;.‘, x = yp’= N&~)E NKIFK*. So E$‘c E,n N,,K* c E,. 
Therefore, T = E,JE, n N,/,K* z (E,/E$)/(E, n N,,K*/E$). Hence 
p-rk T 6 p-rk (E,/E$). 
E,-z W@Zr, where W is the group of roots of unity in F. Therefore, 
E,JE;.’ z Z/pkZ@ (Z/p’Z)‘, for some Obk< t. 
It follows that p-rk T< r + 6’p’. 
COROLLARY 3.2. If 2 is an isomorphism, then g’p’ 6 (1 + 
Jl + 8(r + 6’P’))/2. In particular, if F is an imaginary quadratic field and p 
is an odd prime, then ,? is an isomorphism iff G is cyclic. 
Proof If J. is an isomorphism, then S = T. So g’p’(g’p’- 1)/2 = 
p-rk S = p-rk T 6 r + ~3’~‘. Th e result then follows by using the quadratic 
formula. 
COROLLARY 3.3. p-rk Cl, 3 g’p’( g(P) - 1)/2 - r - 6(P), 
Proof: ker I z G( KJF’) c G( KC/K) which is a factor group of Cl,. 
COROLLARY 3.4. rf p-rk Cl,= d’p), then p-rk Cl,. > d’P’(d’P’ - 1)/2 - 
r-6’p’. 
Now let F, be the Hilbert p-class field of F; i.e., F, is the maximal 
unramified‘abelian p-extension of F. Let F, be the Hilbert p-class field of 
Fi-1 for i = 1, 2, . . . ; F, = F. Then Fc F, c F2 c . . . is the Hilbert p-class 
field tower of F. This tower has length n if the class number of F,, is not 
divisible by p; i.e., F, = F, for all i > n. Otherwise we say that the length of 
the p-class field tower is infinite. 
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It is known that the p-class field tower of F can be infinite. We state the 
appropriate results below and then prove an analogous result for F to have 
p-class tower of length > 1. 
Let n = [F: Q] and let uz(n) be the exact exponent of p occurring in n. If 
q is a prime integer, let e(q) be the greatest common divisor of the 
ramification indices of primes in F which lie over q. Let P’ be the number 
of primes q such that p divides e(q). Let d’p’ be the p-rank of CIF(p), the 
p-primary part of Cl,. Th e proofs of the following two theorems can be 
found in the article by Roquette in [2]. 
THEOREM 3.5. t’“’ < d’“’ + n(r + 1). If F is Galois over Q, this result can 
be strengthened to 
tcP’ < d’p’ + J- + wp(n) c?(p). 
P-l 
THEOREM 3.6. If the p-class field towler of F is finite, then dlp’ < 
2+2JzFF. 
COROLLARY 3.7. Zft (p’ 2 2 + 2 Jm + n(r + 1 ), then the p-class 
field tower of F is infinite. If F is Galois over Q and 
ttP’ 3 2 + 2 JTFTi + Y + w,(n) S’p) 
P-l 
then the p-class field tower of F is infinite. 
LEMMA 3.8. Let R be a finite nilpotent group and A a finite R-module. Zf 
H”(R,A)=(l)forsomemEZ, thenH”(R,A)=(l)foralfnEZ. 
Proof: By dimension shifting and reducing to the p-power case, the 
result follows from Sat2 1 in [4]. 
THEOREM 3.9. Assume K = F, , the maximal unramified abelian p-exten- 
.sion of F. Let S and T be as before. Then the length of the p-class field tower 
of F is one iff S = T. 
Proof: We have an exact sequence 
(l)-+ S/T- H~‘(CI,+ J- (1). 
If the p-class field tower of F has length one, then p is prime to I Cl,/ and 
therefore H- ?( Cl,) = (1). So S = T. 
Conversely, if S = T, then H-- ‘( Cf,) z J. So J is a p-group. Recall that 
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J= ker j n H where H = N,,Cl, z G(F’/K), which has order prime to p. 
Hence J = ( 1) and HP ‘(Cl,) = ( 1). So by Lemma 3.8, H”( CI,) = ( 1) for all 
HI. In particular, Cl: = NCI, = j 0 N,,Cl, = j( H). Therefore, p is prime to 
1 C[gI and hence also prime to 1 C/,1. Thus the p-class field tower has length 
one. 
COROLLARY 3.10. If the p-class field totrer of F has length one, then 
d(p)< 1 +Jmizm 
\ 
2 . 
In particular, if F is an imaginary quadratic field and p is odd, then the 
p-class field tower of F has length one iff ClAp) is cyclic. 
Proof: Apply Corollary 3.2 and Theorem 3.9. 
COROLLARY 3.11. If CP’>(l +Jl +8(r+hcP’))/2+n(r+ 1) then the 
p-class field tower of F has length > 1. If F is Galois over Q and 
tcP’ > ( 1 + Jm)/2 + r/(p - 1) + wp(n) 6’p’ then the p-class field 
tower of F has length > 1. 
Proof: This is immediate from Theorem 3.5 and Corollary 3.10. 
EXAMPLE. Consider the case n = p = 2. Then t”’ is the number of finite 
primes of Q which ramify in F. 
If F is imaginary quadratic, Corollary 3.11 implies that the L-class field 
tower of F has length > 1 if F has at least four finite ramified primes. An 
example is F= Q(Jx). 
If F is real quadratic and has at least live finite ramified primes then the 
2-class field tower of F has length > 1. An example is Q(m). 
For imaginary quadratic fields, at least, this result is the best possible. 
For example, Q(J-231) has exactly three finite ramified primes and its 
2-class field tower has length one. See Kisilevsky [7]. 
SECTION 4 
In this section, we wish to establish some necessary conditions for Cl, or 
Cl,, to be cyclic. We’ll let A = G(K’/K) which we can identify with Cl, and 
R = G(K’/F’). We can identify H= N,,Cl, with G(F’/K). Then R, A, and 
H are G-modules in the natural way and G acts trivially on H since 
G(F’/F) is abelian. We have an exact sequence of G-modules (1) -+ R -+ 
A + H + (1) and with the above identifications the map A + H is the map 
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N,,. In particular, R z ker N,,. By the definition of 2, ker A= 
ker N.&I, Cl,, so we have ker i z R/I,A. In particular, if 1% is an 
isomorphism then R = I, A. 
PROPOSITION 4.7. Suppose IGI = n. Then R” contains a subgroup 
isomorphic to H,/J. Hence if either Cl, or Cl,. is cyclic then H,/J is cyclic. 
Proof: Since R = ker NKiF, NR=(l). So He’(R)=R/I,R and 
Ho(R) = RG. Since G acts trivially on H, H -l(H) = H, and Ho(H) = H/H”. 
We have an exact cohomology sequence H -l(R) -+ H-‘(A) + H-‘(H) + 
Ho(R) -+ Ho(A) + Ho(H). In addition the map H-‘(A) --f H-‘(H) coin- 
cides with the map i : HP ‘(A) + J. So we have an exact sequence 
(l)+J+H,,+R’+H’(A). 
PROPOSITION 4.8. Let p be an odd prime. Suppose ICl,I = ps, ICI = p, 
and I Cl,1 = p’. If t > s, then Cl, is not cyclic. 
Proof Suppose Cl, is cyclic generated by x. Since G is cyclic, IClC,I = 
IHI = p”+‘. (See Proposition 4 in [l].) So I,Cl, has order prps+l. Then 
t, = /‘+’ generates ClG, and z = x~‘-’ generates I, Cl,. Let (T generate G. 
O.X/X=Z~ for some k. So (TX= .xkd~‘+‘. Therefore c?(x)= x(~~~~‘+“’ for 
i = 0, 1 , 2, . . . . p - 1. Therefore N(X) = .yr where 
P-1 
r= 1 (kp”-‘+ I);= W (b- ‘I’-’ 
,=O 
= p + P”l, for some 1. 
N(x)E Cl: which implies that .Y”+$‘= y” =xp’-‘+‘“’ for some m. SO 
exP = yP’-v+‘m- PSI . Since s 2 2 and t -s + 1 3 2 we get a contradiction. 
PROPOSITION 4.9. Suppose Cl, is elementary of order p2, p an odd prime, 
and G is cyclic of order p. Suppose ICl,I = p’ where t > 2. Then I,Cl, is not 
cyclic. 
Proof As above, we let R = G(K’/F’) which is isomorphic to I,Cl, 
since 2 is an isomorphism. The exact sequence ( 1) -+ R + Cl, + NK/F H + (1) 
induces (1) --+ RG -+ Cl: + H. Since ICl,GI = 1 HI = p and RG # (1) since 
R # (l), we have that RG = Cl:. Hence Cl: c ker N,, = I,Cl,. Suppose 
Z,Cl, is cyclic generated by a. Then ap’-2 generates Cl:. Let o generate G. 
Then oala has order dividing p’- 2. Let bl, Cl, generate Cl,/I, Cl,, which 
has order p. By Proposition 4.8, CIK is not cyclic and hence b has order 
GP ‘- ‘. In particular, bp’-’ = 1. Note also that bP E Z,Cl,. Let 
c = bpImz E I,Cl,. Then c has order 1 or p in I,Cl,. Hence c E ClG, and 
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(ab/b)p’-* = 1. Since every element of Cl, can be written in the form a’b’, 
we get that every element of I, Cl, has order d p’ - *, a contradiction. 
Nore. The last two propositions remain true if CI, and Cl, are replaced 
by their p-primary parts Cl,(p) and Cl,(p), respectively. 
COROLLARY 4.10. Suppose C/Ap) is elementary of order p*, p an odd 
prime. Suppose here exists an intermediate field K between F and F’(p), the 
p-Hilbert class field of F, such that ICl,(p)l = pr where t > 2. Then Cl,,(p) 
is not cyclic. 
COROLLARY 4.11. Suppose Cl,(p) is elementary of order p2, p an odd 
prime. Suppose that Cl,,(p) is cyclic. Then exactly one of the following two 
statements hold: 
(1) Zf K is an intermediate field, Fc Kc F’(p), then ICl,(p)j = p and 
every ideal class of Cl,(p) becomes trivial in Cl,. Also, Cl,,(p) = (1). 
(2) If K is an intermediate field then ICl,(p)l = p*. If for one such 
field K we have J= (1) then ICl,.(p)l = p. 
Proof If K is an intermediate field, then by Corollary 4.10, ICY,(p)] = p 
or p’. 
(1) Suppose there is an intermediate field K such that [Cl,(p)/ = p. 
Let K’(p) be the p-Hilbert class field of K. Then K’(p)= F’(p), so by 
Proposition 3.9, ker j = Cl,(p), = ClAp). Hence every ideal class of Cl,(p) 
is trivial in Cl,. Since Cl,(p) is cyclic, the p-class tower of K has length 
one. So the maximal unramilied abelian p-extension of F’(p) equals 
K’(p) = F’(p). So Cl,.(p) = (1). Then the p-class tower of F has length one 
and so for every intermediate field L we have 1 Cl,(p)1 = p. 
(2) Suppose there is an intermediate field K such that ICl,(p)l = p*. 
Then by the above, for every intermediate field L we have 1 CI,( p)I = p2. By 
Theorem 3 in [ 11, Cl,(p) is either elementary in which case 111 = p or 
Cl,(p) is cyclic in which case J= (1). If the latter case occurs for some K 
then the p-class tower of K has length one. So ICl,.(p)( = p. 
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